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Abstract 

We classify the finite semigroups S, for which all Z-orders F of QS, the 
unit group U(T) is hyperbolic. We also classify the RA- loops L for which 
the unit loop of its integral loop ring does not contain any free abelian 
subgroup of rank two. 



1 Introduction 

Initially we classify finite dimensional algebras A over Q such that if T C A is 
a Z-order then U(T) is hyperbolic. If A is such an algebra, we say that A has 
the hyperbolic property. 

In [7], are classified the semigroups S with Z//(Z£) finite. Therefore, for this 
class of semigroups the algebra QS has the hyperbolic property. 

First we classify the semisimple algebras QS which are nilpotent free. If QS 
has nilpotent elements there are two possibilities: either S contains nilpotent 
elements, or not. In the latter case S is a disjoint union of groups of certain 
types. In the former, S is a union of groups and a subsemigroup of order five. We 
also give the structure of S when QS is non-semisimple and has the hyperbolic 
property. For the proofs of the results of section two see [5]. 

In the last section we classify the iL4-loops L, such that, Z 2 y^>W(ZL). 



2 Semigroup Algebras 

We will consider A a unitary finitely generated Q-algebra and denote by S{A), 
respectively J (A), the semisimple subalgebra, respectively the Jacobson radical, 
of A and by E(A) = { Ex,-- - , Ejy}, N 6 Z+, the set of the central primitive 
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idcmpotents of the semisimple algebra S(A). A classical result of Wedderburn- 
Malcev states that 

A = S(A) © J {A), 

as a vector space. As a result, we have that A is a artinian algebra and thus 
its radical is a nilpotent ideal. We denote T 2 (Q) := ^ ^ q ^ the 2x2 upper 
triangular matrices over Q, with the usual matrix multiplication. 

Definition 2.1 Let A be a finite dimensional algebra overQ andY be aZ-order 
of A. If 

Z 2 ^U(Y), 
we say A has the hyperbolic property. 



Theorem 2.2 Let A be a finite dimensional Q-algebra. If Ai is a simple epi- 
morphic image of A, denote by Fi a maximal subfield of Ai and I\ C Ai a 
%-order. The following conditions hold: 

1. The algebra A has the hyperbolic property, it is semisimple and it has no 
nilpotent element if, and only if, 

A = ©A, 

whereof Ai is a division ring and there exists at most one index ia such 
that hi (Yi ) is hyperbolic and infinite. 

2. The algebra A has the hyperbolic property and it is semisimple with nilpo- 
tent elements if, and only if, 

A = (®Ai) © M 2 (Q). 

3. The algebra A has the hyperbolic property and it is non semisimple with 
central radical if, and only if, 

A = (©A) © J- 

4- The algebra A has the hyperbolic property and it is non semisimple with 
non central radical if, and only if, 

A= (®Ai)®T 2 (Q). 

For each item above, Fj is an imaginary quadratic field and Ai is either an 
imaginary quadratic field or a totally definite quaternion algebra. Furthermore, 
every simple epimorphic image of A in the direct sum is an ideal of A. 
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In what follows, S denotes a finite semigroup, QS denotes a unitary semi- 
group algebra over Q, M°(G; n, n; P) denotes the Rees semigroup with struc- 
tural group G and P denotes an n x n sandwich matrix. 

Theorem 2.3 The algebra QS has no nilpotent element and it has the hyper- 
bolic property if, and only if, S is an inverse semi-group and it admits a principal 
series, whose principal factors are isomorphic to groups G and at most a unique 
K, listed below: 

1. G is an abelian group of exponent dividing 4 or 6; 

2. G is a hamiltonian 2- group; 

3. K G {C 5 , C&, Ci 2 }. 

Theorem 2.4 Let QS be an algebra with nilpotent elements. The algebra QS 
is semisimple and it has the hyperbolic property if, and only if, S admits a 
principal series whose principal factors are isomorphic to groups G and a unique 
semigroup K , listed below: 

1. G is an abelian group of exponent dividing A or 6. 

2. G is a hamiltonian 2- group. 

3. K is a group of the set {S3, D4, Qi 2 , C4 x C4}. 
4- K is one of the Rees semigroups: 

M°({1};2,2;/^M or M°({1}; 2, 2; ( J j))=M 12 , 

which is an ideal of S. 
In particular, S is the disjoint union of the groups G and the semigroup K . 



Theorem 2.5 The algebra QS is non semisimple and it has the hyperbolic prop- 
erty if, and only if there exists a unique nilpotent element jo £ S, such that, 
the subsemigroup 3 = {9, jo} is an ideal of S, and S\3 admits a principal series 
whose principal factors are isomorphic to abelian groups of exponent dividing 4 
or 6, or a hamiltonian 2-group. In particular S/3 is the disjoint union of its 
maximal subgroups such that if ei G G\, and cm G Gat are the respective group 
identity element, then e\jo = jo e N = jo- Writing 

ei =Y,Eu + Ei + Xjo, A G Q 
e N = Yl E Ni + E N + fijo, fj, G Q 

then only one of the following holds: 
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1. 

s-iGn = ejyei = and A + \i = 0; 
T2 — {ei,e N ,j ,9} is such that QT 2 = T 2 (Q). 

2. 

If e^ei ^ t/ien eieAr = e^ei =: e3 and A + /z = 0; 
T2 = {ei, e2, e3, j'o, 9} is a subsemigroup of S and QT2 = Q © Q © T2(Q). 

3. 

eArei = eie w = jo <^> A + /i = 1; 
r 2 = {ei,e JV ,io,fl}, andQf 2 =T 2 (Q). 
TTie semigroups T2,T 2 arlc ^ ^2 are non isomorphic. 



3 The hiperbolicity of the RA-\oop loop units 

In this section we classify the fL4-loops L such that 1?^U('LL) 1 the loop of 
units of ILL. A loop L is a nonempty set, with a closed binary operation •, such 
that the equation a ■ b = c has a unique b € L when a,c £ L are known, and 
a unique solution a G L when b, c 6 L are know, and with a two-side identity 
element 1. Denoting by [x, y, z]=(xy)z — x(yz), recall that a ring A is alternative 
if [cc, x, y] = [y, x, x] = 0, for every 1,1/6 A An iL4-loop is a loop whose loop 
ring RL over some commutative, associative and unitary ring R of characteristic 
not equal to 2 is alternative, but not associative. The basic reference is [TO] . 

For a theoretical group property V, a group G is virtually V if it has a 
subgroup of finite index, Li say, with property P. 

Theorem 3.1 ([TJ], Theorem 3.3.6) Let L be a RA-loop. U(1L) has the 
hyperbolic property if, and only if, L is a finite loop or a loop whose center 
is virtually cyclic, the torsion subloop T(L) of L is such that, if T{L) is a 
group, then it is an abelian group of exponent dividing 4 or 6 or a hamiltonian 
2-group whose subgroups are all normal in L and if T{L) is a loop then it 
is a hamiltonian Moufang 2-loop whose subloops are all normal in L. In this 
conditions we also have that IA\(7LL) = L. 
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